Mathematical Background of DC3D (Part 1)

Derivation of Table 2 in Okada (1992)

[ 1] Derivation of Egs.(4) through (6)

Eq.(1) of Okada (1992) can be rewritten u/ = F g/ (x; &), where g/(x; &) is the displacement at x due to a
j-th direction single force of unit magnitude located at &. When this is coupled in a k-th direction with moment
(j # k) or without moment (j = k), double forces of opposite sign are arranged in the k-th direction with a
separation of A&, and A&, = 0, F — oo keeping FA¢, = M, = const.

In this case, the displacement field due to such a force couple becomes as follows.

uj,k(x. &) = lim % [ j(x'f + A&,) — j(x.se )] M ag %a_u]
5T pnmong,, W9 sk T Ak T JHGsL = Mo g 1= T g,
Egs.(4) to (6) are written as the combination of these force couples.

Now, let us advance to practical cases. The displacement field due to a general dislocation source is given by
eq.(3), i.e. famous Steketee’s formula. This formula is composed from the combination of force couples.
If we adopt the geometry as in Fig.2 of Okada (1992), the displacement fields due to elementary dislocation sources
can be calculated by substitution of the following vectors into eq.(3).

(U,0,0) for a strike — slip
Auj = 4(0,Ucos6,Usiné)  foradip—slip and vy = (0,—sind,cos§)
(0,—Usin8,U cos6) for atensile

(a) Strike-slip

TG+ )+ (5 2 )|
08, 9§ 983 0&,
——fj[ <ai+ai>sin5+<ai+ai)cos5]d2
F afz 661 653 afl
(b) Dip-slip
Ucos5 u™ ou Ju® OJu
ll [( %, 2”65) +“<6_&+6_fz>v3]dz
Usm5ff ou’ au + A£+2 ai s
652 v, 9%, ”653 V3
ff [( )cos 26 + (au 0u2> sin 25] dx
& 98, 083 05,
(c) Tensile
Usm5 u? ou ous
-] K ag, T afz>”2+“ (afs a_fz)vs]dz
UcosSJf ous au + /1£+2 a_ug ds
a5, " 95,) "2 " \"ag, T e )

ff [Aau ( 26+6u3 26) <6u +6u) . 26] .
—sin —cos — 4+ ——|sin
poéy, 0¢; 0&3 &3 04,

. A+ LA 2a—-1
If we define a@ = —£ , we can write = =
A+2u u 1-a

Here, let us remind the body force equivalents for the dislocation sources. In case of a shear fault, the
dislocation U on the fault of area S corresponds to a double couple with a moment of M, = uUS (nuclei-B), while
the dislocation U on a tensile fault of area S corresponds to a combination of a center of dilatation of intensity AUS
and a couple without moment of intensity 2uUS (nuclei-A).

For a point source, replacing uU ff ------ ]dZ to M, we can get Egs.(4) to (6) in the following form.

By =22 [
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As to the concept of body force equivalents, refer to the following papers.

Steketee, J. A. (1958) Some geophysical applications of the elasticity theory of dislocation, Can. J. Phys., 36, 1168-
1198.

Maruyama, T. (1963) On the force equivalents of dynamical elastic dislocations with reference to the earthquake
mechanism, Bull. Earthq. Res. Inst., Univ. Tokyo, 41, 467-486.

Burridge, R., and L. Knopoff (1964) Body force equivalents for seismic dislocations, Bull. Seism. Soc. Am., 54,
1875-1888.

[ 11] Derivation of Table 2
(1) Strike slip << Substitution of eqg. (2) to eq. (4) >>

Elements of displacement at (x;,x,,x3) due to strain nuclei dul/d¢&, at (§;,&,,&3) are as follows.

ouj, F

0%, 8”#

R
{(2—0{) a—16i2+3a

RiRyR;
® |

RS

Oui, F (R84 —RiSiz  3RiRR;

EI7 H{ R? LS
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ouj, F 3R4R, Ry8i1 + RiS;,  SRyRyR;
afz—m(l—zaia{—(z—a)—m Bis + 3ag; (—o o - )

Elements of displacement at (x;,x,,x3) due to strain nuclei du?/0é, at (&;,&,,&3) are as follows.

auiZA Rz RlRZRi
35, ~8m {(2—0:) z—aﬁ6i1+3a 75 }

Ou?, F (RS —Ry0;  3RiR,R;

EI7 H{ R3 TR
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a
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Elements of displacement at (x;,x,,x3) due to strain nuclei dul/d&; at (&;,&,,&3) are as follows.

ouj, Rs RyRsR;

663 81‘[“ {(2 ) 611 613 + 3a RS }
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Elements of displacement at (xq,x,,x3) due to strain nuclei du®/9&; at (&;,&,,&3) are as follows.

ou? R{R3R;
A_ 1R3
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Where, Rl = xl - fll RZ = xz - 52, R3 = _X3 - 63 and R2=R% + R% + R32,
When source is located at (0,0,—c), & =0, & =0, & = —

SO, R1=x1, R2=x2, R3=C_.x3
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Here, if we use coordinate system (x,y,z) instead of (xq,x5,x3), Ry =x, R, =y, Ry =c—z=d
Then, the above displacement elements are written as follows

Elements of displacement at (x,y, z) due to strain nuclei ou'/dé, at (0,0,—c) are

auilA x 3xyR;

9%, 811;1{(2 - “) 1~ 50+ a0 }

au}B F (y6i1 — x6;2 + 3xyR; 1—a| ydéi 3 xy(2R + d) - X8y 3 xyR;(3R + d) P
08, 4mu R3 RS a |[RR+d)? R3R+d)? 2 " \RR+d)? R3R+d)3 i3
ou}

F 3xy y8i1 + x6;  5xYR;
C _ _ i _ _ ACAN L L _ L
3%, ~ amt 2513){ (2-a) 750 3C“( RS R7 )}

Elements of displacement at (x,y, z) due to strain nuclei ou?/9¢; at (0,0,—c) are

auiZA X y 3xyR;
9,  8mu {(2 ) 750 — A pz 00+ a—ps }
Oufy _ F (x6p—ydu 3xyR 1-af x8  xyQ@R+d) you __ wRGR+ D) )
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ET _H(l_z%){ C-a%s 5“_36“( RS R’ >}
Elements of displacement at (x,y,z) due to strain nuclei du®/d&; at (0,0,—c) are
oul d x 3xdR;
ag: {(2 ) 511 - aﬁ&-g + a—RS l}
oui, F (d&; —xd;3 N 3xdR; 1—a| 64 X xR;(2R + d) )
&, 4mp R3 RS a |[RR+d) R* 2 R3R+d)? i3
ouj, F 3xd 81 3xR; d;; + x6;3  5xdR;
7t = g (1~ 200) (=2~ 56+ (5 = ) = 3ee (S - )|
Elements of displacement at (x,y,z) due to strain nuclei du3/90¢; at (0,0,—c) are
oul, F x d 3xdR;
&~ 8mu {(2 ) 30~ aﬁail ta RS }
ouiy _ F (x63—dby + 3xdR; 1—a| x6; 81 xR;(2R + d)
08,  Amu R3 RS a |R(R+d)? R(R+d) R3(R+d)>?

au?(: F 61‘1 3X(Rl - d6i3) d6i1 + x5,-3 SXdRL
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Combining these components,

izt = uj, duf, i{(l — ) Y61 + x6ip ta 3?5sz}
' 4708, 0§ Amp R3 RS

12421 _aui13+aui23_ F (3xyR; 1—alyby +x8;, xy(2R+d) xyRi(3R+d)( )
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AT 05 05 4 R R®
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13431 — _'B ‘B _ _~ ! X e d) ————
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Namely, the elements of displacement at (x,y,z) due to a double couple (12+21) at (0,0, —c) are as follows.

1—ay a3x?y 3x%y 1-a 3cy
/ 2 B2 R5\‘ (Rs T ’1\ —egs s
F ll—ax a3xy? F ol 3xy2 1- F 3cx
12421 _ _~ Y 12421 _ _° | 9XY a o1 12421 _ g
AT | T BT s T | R Lz W e T o | —aps Bs |
a3xyd 3xyd 1—a 3xy g 2% 5yd
aoxy \ i 1}2/ \(2 @) e T A
2 RS RS a R> R
And the elements of displacement at (x,y,z) due to a double couple (13+31) at (0,0, —c) are as follows.
1—-ad a3x?d 3x2d 1 3cd
/Tﬁ*i?\ ( g \ / ~A-@)gsds —agsds
13431 _ F a3xyd y13+31 _ _F | 3xyd ul3+31 i (1- )3xy 3cx 5yd
i A7 2mp 2 RS i B~ 2mu | RS i ¢ 2mu a @35 R2
1—ax a3xd? 3xd? @ +a3ﬂC
2 B R R RS TR
3x2 5x2 d?
Where, A3=1_F'A5=1_?'B =1- C5_1 and
0= [ , 3R+d ] [ , 3R+d 10— 2R+d
LY RR+ 2" RPR+ ) * R(R+d)2 YRR+ ) T YRR+ A2
Finally the displacement due to a point strike-slip with a moment Mo are given by eq.(4).
Mo
ul = - [—ul?*21sin § +ul3*31 cos ]
So, their elements of displacement at (x,y,z) due to a point strike-slip at (0,0, —c) are as follows.
1-—aq a3x%q 3x%q 1-a ,
( E B o | g5 I 51n5\|
l—-ax ; a 3xyq o _ MO 3xyq 1—a ,
= znu 2 0T Y omu| TTRS T Tq 2Sind
\ 1—ax a 3xdq 3xdq 1—-a ,
E RS — RS - siné
3c
( a1- A3c055+aRqA
3cx 5yq
0 — —
ug = 211/1 (1 a) c056 +0cR5<1 6 — RZ)
3cx 5dq\ 3xq
\ (l—a)—sm6 +aR (COSS—FF)_F

where, d=c—z, g =ysind—dcoss, R*=x?+y?+ d?

The above three vectors basically correspond to the contents of the row of Strike Slip in Table 2, although a
slight modification was made in the following two points.

(1) The sign of u§ was converted, because this part is calculated by ug (x,y, z) — ug(x,y, —z), different from its
original definition in eq.(2), wu, (x4, X2, —x3) — Uy (X1, X2, x3) .

2) Terms of in ug (—22%) and u? (-2 all d using the calculation rule of

(2) Terms of z-components in ug ——5 Jandug (— ) were partially merged using the calculation rule o
uj(x,y,2) + zug(x,y,z) to getthe simpler expression.

3xdq 3xq __ 3cxq
RS “RS RS
- —Sq disappeared from the z-component of ug .

Since — , 3xdq was changed to 3cxq in the z-component of ug , while the term
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(2) Dip slip << Substitution of eq. (2) to eq. (5) >>

Elements of displacement at (x;,x,,x3) due to strain nuclei du?/0&; at (&;,&,,&;) are as follows.

ouf, F R, R, R,R3R;

653 =%{(2—a)ﬁﬁi2—aﬁdi3+3a R5 }
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Elements of displacement at (x;,x,, x3) due to strain nuclei du3/0¢&, at (&,,&,,&3) are as follows.

ou}, F R, Rs R,R3R;
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Tt =g (1 20 {2 - @) (- + ) 3t (S - )

Elements of displacement at (x;,x,,x3) due to strain nuclei du?/0¢&, at (&;,&,,&;) are as follows.

ou?, F R, R; + Ry68;; R.’R;
3%, 8ny{( a)R3 S — e +3a 75
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3% =m(1—25i3){(2—a)(F—F>5i3+30l53< RS Y )}

Elements of displacement at (x;, x,,x3) due to strain nuclei du3/0&; at (&;,&,,&;3) are as follows.

oul, F Rs R; + Rs8;3 R42R;

653 —H{(Z—Q)F(SB—O{ R3 + 3a RS }

ouwl, F ( R 3RR 1—akR,

&, 4mu| R3 RS a R3
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Where, R1 = X1 _fll RZ =Xy — fz, R3 = —X3 _53 and R2=R% +R% +R?2)

When source is located at (0,0,—c), & =0, & =0, & = —c
SO, Rl = X1, RZ = X2, R3 =C—X3

Here, if we use coordinate system (x,y,z) instead of (x;,x5,x3), Ry =x, R, =y, R =c—z=d
Then, the above displacement elements are written as follows

Elements of displacement at (x,y,z) due to strain nuclei du?/d&; at (0,0,—c) are

o, F d y 3ydR;
P %{(2 ~ 50 ~ Azl T g }
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3
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Elements of displacement at (x,y,z) due to strain nuclei du3/9&, at (0,0,—c) are

ou}, F y d 3ydR;

75 G2~ O s ~ b+ a g |

o, F {y6i3 —dé;, N 3ydR; l—ay yds & yR:(2R + d)]}
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Elements of displacement at (x,y,z) due to strain nuclei du?/d&, at (0,0,—c) are

ouf, F y R; +yb;; 3y?R;

6{2 —%{(Z—a)ﬁdiz—a R3 +a RS }
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Elements of displacement at (x,y,z) due to strain nuclei du3/0&; at (0,0,—c) are

ou}, F d R, +ds;  3d?R;
=—{(2—a)F5i3—a o ta s }

0&3 8mu
ouly F _&+3d2Ri+1—a&
& 4mu| R3 RS a R3
oul. F
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— ( ) —3ca -

RS “\r3 RS RS R

Combining these components,

ia ig _

ou?, ou} F ddis + ¥6; 3ydR;
upti? = _ {( — )2 3}’ B }’5 z}
083 0%,  4mu R R
2 3
u23+32 zauiB auiBz F 3ydRi+1__a (R-—d)ﬂ )
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4798 0E  Amu
_ou}, ouf, F {3(d2—y2)Ri

oud,  ou? F déis — y6; 3(y?% — d)R;
ui33—zz g THia {(1—01) 13R3y zz_a 64 s ) z}

ul33—22

BT 98, 0%, 2mu 2R5
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2a |R® R(R+d) R(R + d)? RB(R+d)? " R3(R+d)3 3
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33-22 _—_ tc_ "¢ _ i3 _ _ Oz i _ y ) YOiz i3 2y R
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Namely, the elements of displacement at (x,y,z) due to a double couple (23+32) at (0,0, —c) are as follows.
a3xyd 3xyd 3xy 3cx 5yd
( 2R \ (Rs /“‘“)ﬁ +“FF\
Fl1-ad a3y%d F | 3y%d F 1 3cd
23+32 _ __ Sy 23+32 _ __ 23432 _ | _ _ — 0
u; 47 2mp o R3 + 2 RS Uu; B~ 2mu| RS U; ¢~ 2mu 1-a) R3 By —a RS Bs
- 2 2 3yd 3¢
1 al+g3yd 3yd 3yd +a—y6‘5
2 R3 2 RS RS R® R®
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And the elements of displacement at (x,y,z) due to a couple (33-22) at (0,0, —c) are as follows.

_adx(y?—d? 3x(y? —d?) 1-—
/ (2 )\ _3x(y )+ “(1—13)
2R5 2R5 2a \R3
g | ey anotoa | F | a0 HENLY I
b4 2mu 2 R3 2 2RS YOB T 2mu | T 2RS 2a h |
l1-ad a3dy®-d*) \ 3dp*-d) 1-a /
2 R® 2 2RS 2RS 2a °
5x(y? — d?)
/(1_a) _3CQT |
F 33’d y Sy(y*—d*)
33-22 _ 1 _ 2 _
u; ¢ m (1 05) + 3ca <R5 SR
1 3(y2 —d?) d 5d(y?—d?)
(1—a)ﬁ 3 —(2— )—+3ca E+—2R7
_ 5y? _ _ 5d2
Where’ B3_1_R_2: Bs_l_ﬁr C =1- RZ' C5—1—F and

1 2 3R+d ] IO

10 = [ —x 2 3R+d ] 0 _ 1 2 2R+d
1 =Y rGra)? R3(R+d)3

1
2 =X [R(R+d)2 ~ Y Rrea) 5 T RR+d)  © RP(R+d)?

Finally the displacement due to a point dip-slip with a moment Mo are given by eq.(5).
Mo

Ul = - [u23+32 cos 268 +u33722 5in 26]

So, their elements of displacement at (x,y,z) due to a point dip-slip at (0,0, —c) are as follows.

a 3xpq 3xpg 1—a .
( T2 RS RS + p” (R3 12)51n6cos6
Mo 1-as a3ypq Mo | 3ypq
o__~| "% % o _ M0
Y4 = o 2 RE 2 Rr5 | Y8 = ol RS +—a 19 sin § cos & |
l1-at a3dpq/ \ 3dpg 1-— /
\ "2 R3 2 RS RS +Tlssm6coss
3xt 15cxpq
(1—06)— —a—p7
u2 = ﬂ (1—a) (3yt cos 25) —a 15cypq a&
2mp R3 R7 RS
. 15cdpq 3ct  3pq
_(1—(1)F51n6c056 +a 77 @5~ h5
—c— p=ycosd +dsind g _
where, 4; =1 - Rz , d=c—z, {q=ysin6—dcosa’ pq = —sin28 — yd cos 26

s=psind + qcosd = ysin26 —d cos 28 2 o 2 . 2 2 5 2 .2
{t=pcos§—qsin6=ycosZ5+dsin26 RISy AT AT A e A ST A

The above three vectors basically correspond to the contents of the row of Dip Slip in Table 2, although a slight
modification was made in the following two points.

(1) The sign of ug was converted, because this part is calculated by u3 (x,y, z) — ug(x,y, —z), different from its
original definition in eq.(2), uy(xq, X2, —x3) — Uy (X1, X5, X3) .

. 3d 3 . . .
(2) Terms of z-components in ug (— qu) and u (— %) were partially merged using the calculation rule

of ug(x,y,z) + zud(x,y,z) togetthe 3|mpler expression.

3dpq  _3pq _  3cpq
RS 25 T T RS
pq .

=5 disappeared from the z-component of u2 .

Since — , 3dpq was changed to 3cpq in the z-component of ug , while the term
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(3) Tensile << Substitution of eq. (2) to eq. (6) >>

Elements of displacement at (x;,x,, x3) due to strain nuclei dul/0&; at (&;,&,,&;) are as follows.

ouf, F R; + Ry8;4 R.2R;
3%, 87'[,11{(2 — a) —a— s +3a e }
dui, F R; 3R%R;
&, 4mul| R3 RS
1—a R8n N 1 Ri*(2R + R3) Ri +Ri8i1  R{ZR;(BR+R3) 5
a R(R + R3)2 R(R + R3) R3(R + R3)2 i R(R + R3)2 R3(R + R3)3 ( i3)

ouj, F 1 3R,% R; +2R,6;; G5R.%R;
6{1 = m(l - 261-3) {(2 - (Z) (F - F) 61'3 + 36{{3 ( R5 —_ R7 >}

Where, Rl = X1 _Ell RZ =X, — 52, R3 = —X3 _53 and RZZR% +R% +R?2,

When source is located at (0,0,—c), & =0, & =0, & = —c
SO, R1 = X1, RZ = Xy, R3 =C_X3

Here, if we use coordinate system (x,y,z) instead of (xy,x,,x3), Ry =x, R, =y, R3=c—z=d
Then, the above displacement elements are written as follows

Elements of displacement at (x,y,z) due to strain nuclei ou'/dé, at (0,0,—c) are

aul‘lA F X R; +X6i1 3X2Ri

¢, Bnu{(z gzl —a s +ta g }

BuilB :L _&+3X2RL‘ l1—«a X6i1 1 _X2(2R+d) o Ri+x6i1 _XzRi(3R+d) _s )
9, dnu| R R T a [RR+d)? \RR+d) RR+d)? RR+d)?  RR+d)° i3

auilc F 3x Ri + 2x§i1 szRi
35 m(l —26;3) {(2 a) ( —5> 83 — 3001( Y )}

Combining the components so far appeared,

nn  — auL'lA auL'ZA + au?A F (1 )X6i1 + y5i2 + d6i3
YA 231 0%, 0¢3 _47'[# R3
um = aui13+6ui23+6ui33 F 1—a(R; x8y+y6p—Ri(1-6;3) d—R; 5
BT 9, ' 0&, 08 2mu a |R® R(R + d)? 2R3 B
ul . ou?. ol F 83 3dR; x8;1 + Y8, + dBi; — R;
o — c ic tc _ " i _os Nl 9i3 i\ _ i1 T YOiz i3 z}
we =%z Y35, Yo T o 25’3){ a “)<R3 RS ) 3¢ RS
ou? ou? F 85,2528 + db;3c0s%8  a R; a3R
2s3c  — LA . 2 LA _ YOi2 i3 o 2 2 2
ui>t, = 3L, sin®d + 3z, cos?8 = 41_[#{(1 a) 73 2R3 >R - (y2sin?8 + d%cos 6)}
ou? ou? F R;
2s3¢c —_ _'B .2 'B 28 — )t Tt 2 2
TS sin®d + 3%, cos*8 41T,u{ R3+ (y sin?8 + d%cos?6)
1—«a Ri 2 }’51'2 . 2 1 y (2R+d) . o Ri+y6i2 yle(3R+d) . |
73 €08 5+R(R+d)zsm é+ RR+dD R+ D2 6i35in“s + RR+DZ RGR+d? (1= 8;3)sin 5_

ou? ou} F(1-26; 3d(R; — d&;
u?3¢ = —Lsin26 + —L cos26 = u{(z —a) [<R3 RS >6i35m26 * %coszﬁ]

¢ &, 0&3 4y
8;3 3dR; i 2(y8;ysin?8 + dbjzcos? 8) SR . ]
a (ﬁ s e E =7 (y2sin?8 + dzcosz6)_

) cos?8 — 3ca [
Namely, the elements of displacement at (x,y,z) due to a center of dilatation (nn) at (0,0, —c) are as follows.

1—ax l—ax 1 3xd
unm _L l-ay um _L 1—(11 um F 3yd

toa 211;1' 2 R3 | i B 271“| a R3 | i c 2”#' 1- )R5 |
\1—ad/ \1—ad &1 ) 3/
2 R3 a R3 ( _(Xﬁ




Mathematical Background of DC3D (Part 1)

The elements of displacement at (x,y,z) due to a couple (2s3c) at (0,0, —c) are as follows.

il ( Z5in?8 + d?cos?8)
( 2R T 2 R5 Y
2s3c _— __ . 2 _El 2 2 2
ui>t, 4_7_[“' (1 a) 3 sin“§ WE 2R5(y sin“d + d“cos*§) |
5 ad a3 ) 2 5 /
(1 a)—cos 6 — 2R3 SRS (y?sin?8 + d%cos?8)
_x _x 2¢in2 202 l-a x _(* (2
73 + —= (y*sin“§ + d“cos“6) + p {R3 (R3 12)51n 6}
F a
uf, = - —%-& —= (y%sin®§ + d*cos?§) +T{%— Ifsinzé‘}
d . l—a(d
—F+F(y251n26 + d?cos?8) + p {R3 1551n26}
3xd x 5x
/2(1 - a)—coszé‘ —3ca [ﬁ - —(yzsianY + d?cos?8 \
F
ufs = e 2(1 - a)—c0525 —3ca —(1 + 2sin?6) — —(y Zsin?6 + dzcosz5)] I

|
Cs .
\ 2- a)—sm25 - aR—cosz6 + 3ca [RS (1 + 2cos?8) — ﬁ(yzstS + d2c0526)]/

As before, the elements of displacement at (x,y,z) due to a double couple (23+32) at (0,0,—c) are.

a3xyd 3xyd e A L
| w3y | |R5| o
F |l 1-ad a3y%d F | 3y%d F 1 3cd
23432 _ _° a o 23432 _ u23+32 — _ ocd
uisree, o Bt | uitte 2 | uitree 2| a- )R3B —a—sBs |
\1—0{ y  a3yd? / \3yd2 \ 3yd +aﬂ6 /
2 B2 R RS 75 Cs
here, B, =1 Be=1-2, ¢,=1-3% ¢,=1-¢ and
where, 3 = ——2, s=1-——%, Ga=1-——7, C=1-7% an
3R+d 1 3R+d 1 2R +d
10=y[ — x? ] x[ —y? ] 10 = — x?
! R(R + d)? R3(R +d)3 R(R + d)2 R3(R +d)3 ST RR+d) R3(R + d)2

Finally the displacement due to a point tensile fault with a moment Mo are given by eq.(6).

Mo[Za—l
o__"~

R unn + ZuZSBC _ u23+32 sin 25]

1—«a

So, their elements of displacement at (x,y,z) due to a point tensile fault at (0,0, —c) are as follows.

ug

1—ax a3xq® 3xg> 1—a,x N .,
T Eti R T~ (s’
_Mo| 1-at a3yq u":ﬁ 3yq? 1—a0_25
| T2 BT E B 2mu| RS fisin
1-as a3dg? 3dq* 1-a ,
5wty e rE 1dsin?§
3xs 15cxq? 3xz
~(1-®) s ta—prTags
Mo sin2§  3ys t—y 15cyq? 3yz
ug:ml (1—(1)(?—?) + 3ca RS +a R7 —aﬁ
cos?6  3x? s—d 15cdq? 3dz  3¢?
-1-a) T-l_ 75 sin%8 —3caT—aT+aR +—= 7E
2 =ycosd +dsind 2_g2
where, A; = —Siz, d=c—z, {p yel , pg =2 d sin 26 — yd cos 26
R q =ysind —dcosd 2

{s =psinéd + qcosd = ysin26 — d cos 26 R2=x? + y? 4 d2=x? + p? + q2=x? + 5% + t2

t=pcosd —qgsind =ycos26+dsin2é ’



Mathematical Background of DC3D (Part 1)

The above three vectors basically correspond to the contents of the row of Tensile in Table 2, although a slight
modification was made in the following two points.

(1) The sign of u§ was converted, because this part is calculated by u3 (x,y, z) — ug(x,y, —z), different from its
original definition in eq.(2), uy(xq, X2, —x3) — Uy (X1, X5, X3) .

. 3d
(2) Terms of z-components in ug ( RZ

2 3q? . . .
)and ug (%) were partially merged using the calculation rule of

ug(x,y,z) + zug(x,y,z) to getthe simpler expression.

2 3q2

, 3dg?was changed to 3cq? in the z-component of u$ , while the term ——

3dq
5 RS

3g2 _ 3cq?
+Z—R5 =75

disappeared from the z-component of u2 .

Since

(4) Inflation

The elements of displacement at (x,y,z) due to a center of dilatation at (0,0, —c) are already obtained.

uo:@unn
F

l—ax -ax 1 3xd

/ 2 R3\ / a R\ A-a)%s
| T | W B g a-0% |
uA_Zn,u 2 R3 Y8 = 27T/.l a R3? C_Znu a- )?
1—ad/ \1—ad/ a )63/

2 R? « RS RE

The above three vectors basically correspond to the contents of the row of Inflation in Table 2, although a slight
modification was made in the following point.

(1) The sign of u§ was converted, because this part is calculated by ug (x,y, z) — ug(x,y, —z), different from its
original definition in eq.(2), w, (x4, x5, —x3) — uys(x1, %2, x3) .
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