Mathematical Background of DC3D (Part 4)

Derivation of Tables 7 through 9 in Okada (1992)

[ 1] Derivation of Table 7 (x-Derivative)

Table 7 can be derived by differentiation of Table 6 with x-coordinate.
In the following, the notation is matched with Tables in Okada (1992).

Displacement : u,(x,y,z) = [ w A ="+ ug® + 72w |
uy(x,y,2) = o [(uzA — W% + P + 2u,©) cos § — (uz® — 5™ + us® + zu;€) sin § |
uy(x,y,2) = l [(uZA — " + U — zuy,©) sin 8 + (uz” — W3 + us® — zuz€) cos § |

wh= [AEnDIT DY, aft = AEn -2, w' = el w=£5En)|

x-Derivative : % (x,y,2) = []1 Y4B+ 2, ¢
22 (1,9,2) = = [(o" = fo™ +o" + 22 cos 8 — (s = Jo* + 5" + 2j5) sin 8 |
—(x y'z)__[(lz —J2t 2% = 2j,¢) sin 6 + (5 = J3* + 5P = 2j;) cos 6]

= f fox(Em DTt Ik W, Jit=off1oxm -2, = aff/axEn )|, i€ = 0fif/oxEn 2|

(1) Strike slip

o « fa¥i— 6 - 1ysins
= — +—&qY U =- -0- sin
/ul 2 qu 11\ 1 qrn o 1~ 0=tan_1f—n
| ¢q | B=lu -_1 1-a y sind R
2R ' 7R a R+d Y. = 1
l1-«a a 1—«a 11 = 5rp 2o
\ua = In(R+1n) — quyu u; = q*Yy, - I,siné / R(R +m)
u; = (1 — a)é¥,cosé — aéqZs, _ 2R+7q
cos & cq 32 7 R3(R +1)?
(uz =(1- a) T + 2qY4; sin 6) \‘ sing
Z3; = EN — hYs;

on ) )
=(1- Y S—al|l—=—2zY A ~
u3 (1 = @)y cos (R3 Wity h=qcos6—z, ¢=d+z=nsind—h

where, g =ysind —dcoss, § =ncosé+qsind, d=nsiné —qcoss, RZ=E24n%+q%=X2+1?,

11=—Ridcos<5—14sin6, IL=In(R+d)+Isiné

__ 1 ¥ _1[ yq . B
b= s mad cosza[l“(R+’7) sinéln (R + d)] <I3_2[R+d+(1e+d)2 ln(R+77)] lfcos6—0>
_sind ¢ + 2 _NX +qcosd) +X(R+X)sind B &y . 5—0

*TCos6R+d  cos2s ER +X)cos & CToR+ Az %07

By differentiation with x-coordinate (refer Appendix “Table of Differentiation of Integrals™)

1-«a a._, ) l-a . 0L
_Tan _Ef qyzz\ ( $°qYs; _Th 51n5w Ii= ox
A B 5
afi = _gf_q | afl = f_q _1_a/XSi1’15 ]l_i(_—y )
ax 2R3 ax R3 a 7 27 0x\ R+d
1-«a o2 2 LT L0
T€Y11 + zfq Y32 _fq Y32 - /g sind ]%, = a
a- a)YocoszY —aqZ, 8R? + 91 + 37
arc 3¢8q 53 =——ep 53— Yo=Y — &,
fii _ —(1—0{){( +2qY3zsm6)+a e R5(R +1)3
0x 1 3sinés B )
—(1 — a)éq¥s;cos8 +as (F —2zY¥3p — 23— Z )/ Zs3 = RS h¥ss, Zo = Z52 = §72s3

The above three vectors correspond to the contents of the row of Strike-Slip in Table 7.
( Evaluation of 7 etal. will be done in the later section )
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Mathematical Background of DC3D (Part 4)

(2) Dip slip
-2 a + 129 sinscoss
W= 2R /ul -= 3sind cos \

/ o R 0=tan_1f—n
f'A_ u—g +E X f‘B_I _ X 0 1—-«a f ing 6' qR
o=l 272 2 u | = %= A — 0 - p R+a51n cosd | . L

—“ a 11—« 11 = 575 1+ 2%

\u3 = > In(R + f) _quXll/ \U3 = q2X11 + I,sind cos / R(R+ &)

cos§ ) Zq Yn:;

U = (1—05) _qY1151H5 —a— R(R+T])

‘= y R 2R +¢
fi = u = (1-a)yXy — atnqXs; Xy =
a i ~ 2 327 R3(R +¢)2
uz = —dXq; —&Yq1sind —ac(X41 —q X32) _
ct=d+z

where, g =ysin§ —dcos§, J=ncosé+qsins, d=nsind—qcoss, R*=E2+n%+q?=X%+1?,

By differentiation with x-coordinate (refer Appendix “Table of Differentiation of Integrals”)

aéq s l-a,. « 0
. / — EFW . (R3 + p Jisindcosé \ Ji = o
of; q, _an ofi | m 1 ? £ )

—-a
= -2 = = — s r=—(-——=
ox | 3% —35%3 Fp |R3+qY11+ p JZsindcosd | VE ax( Rid
\1—0{1 a q? q? 1—a / Lol
> rt3% % +Tj(,sm6c056 IE; =
3¢
/—(1 - a)%cosé + &qY3,sind + a Riq
af,c ¥y 3¢nq ygzzﬂ
6xl = —(1—a)F ta—s R3(R +1)?
d ] ¢ 3q? Yo = Y11 —§%Ya
\ F—Yosm6 +aF<1—F)}

The above three vectors correspond to the contents of the row of Dip-Slip in Table 7.
( Evaluation of j7 et al. will be done in the later section )

(3) Tensile
—a a ., 2 l-a . 0 = tan! 21
wp = ———I(R+n) -2 ¢"Y1, u =gy — g [ssin’s ziR
A _ _ A a ., B _ I l-a & 2 _
ﬁ - U; = — 2 ln(R+f)_Eq Xll fl - uZ_qxll + a R+&Sln6 Xll_R(R-i-f)
2] a l-a 1
U= o —EQ(TIXn‘l'fYn) uz = qX +8Y¥1) — 0 — a 1,sin”8 Y11 =R(R—+77)
siné§ 2R+ ¢ 2R+1n
w=-(1-a (T* QY 0055) —a(z¥; — ¢%Z3;) ot mRy e T RRI
if=lu= (A—a)2&Y,sind+dXy; —aé(Xiy — q%Xs,) _siné
32 =3~ hYs,
uz = (1—a)FXyy + &Yy c088) + aq(énXsy + EZ35) h=qcos6—z, ¢é=d+z=nsiné6—nh

where, g =ysin§ —dcoss, ¥ =ncosé+qsins, d=nsind—qcoss, R*=E2+n%+q?=X?+n?,

By differentiation with x-coordinate (refer Appendix “Table of Differentiation of Integrals™)

l1-«a a l-a . a1
_Tfyu +5§q2Y32 /_fq2Y32 —T]fsmz(S\ I3 =6_x3
af" 1-al aq? af’ | q? —a 0 4
= - _ = LI - 2 X =2
dx 27 R TIms 0x R3 g Jssin“é Js 6x( R+d)
11—« a 1—a . al
7 qY1; _Eq3y3z q°Ys, —7]5511126/ JE = a—;
1-a) (%sinz? + &qYs, cos 5) + aé(zYs — q%Zs3) Voo = 8R? + 9Rn + 31?2 Yy = 1,y — £2,
3= ——=————=35 =Y -
(3f.c d : 3q2 RS(R+1’))3 0 11 32
~ =] 2(1-a)Yysind —— +a—<1——> 3sind
ox ’ 5 R® R3~ R Zs3 = = hYs3, Zy =73 — §%Zs3
y 3énq o _
-1-o F_YOCOS(S —al g5 ~ % h=qcos6—z, ¢é=d+z=nsin6—h
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3¢
From (* 6) of Appendix, ¢%Zs; = —R—n — hYs, + 275, — Z,

0
6{: —(1—a)( sm6+EqY32c056)+af[ n+(h+z)Y32—ZZ32+ZO

Therefore,

=(1-a)= sm5+EqY32cos5+af( e ZZ32+ZO)

The above three vectors correspond to the contents of the row of Tensile in Table 7.
( Evaluation of j; et al. will be done in the later section )

[ 11] Derivation of Table 8 (y-Derivative)

Table 8 can be derived by differentiation of Table 6 with y-coordinate.
In the following, the notation is matched with Tables in Okada (1992).

Displacement : u,(x,y,z) = [ w A ="+ ug® + 72w |
uy(x,y,2) = [(uzA — " + u,® + zu,%) cos 8 — (us? — 03 + us® + zu;%) sin S |
u,(x,y,2) = l [(uzA — "+ u,® — zu,©) sin S + (uz” — " + us® — zuz€) cos § |
uh= AEnDET DY, ot =fAEn -2l w =ffEnal  w=£Enal
y-Derivative : aaiy @y.2) = —=| k" —ky" + k" + 2k, |
2 (6y.2) = %[(sz* — B + 1%+ 2k,C) cos 8 — (ks — Rs” + ka® + zk5©) sinS]
o = (x,7,2) = [(sz — B + kB = 2k,O)sin S + (ks — ks + ks® — 2K5©) cos 5]
= of*ayEn DI Y, R = affjayEn -2l kB = afF/ayEn D) kE = of /oy )|

(1) Strike slip

0 a 1- .
W= + E{qYll up =—§q¥y; — 0 — I;sing 0 1
- = tan™
aq q l-a y
[ o = U= —o PR Eism& 1
1—a p 1-—a Y11 =+
\u3 =— In(R+1n) — EqZYu/ \u3 =q*Y1; - I,5iné / R(R +mn)
u; = (1 — a)éY;cosé —aéqZs; g = _2R+n
cos & ] q R3(R +1)?
fiC: uz—(l_a)(T"'ZqYllSlng)_aE siné
(1— a)qr s (En v 2, ) 32 p3 T hY3,
= — - - + 3
Us a)qr 1 COS a R3 ZYr1 g 32 h:qCOS(s_Z, E:d+Z:7]51n6_h

where, g =ysind —dcoss, y =ncosé+qsind, d=nsiné —qcoss, RZ=E24n%+q%=X2+1?,

By differentiation with y-coordinate (refer Appendix “Table of Differentiation of Integrals™)

1(dx + &Y, sin6)+gf i—(y — £2Y,,)siné 1-a d a
2 11 11 2 11 32 /TfYnsin5+5Xll +55F\ smé‘ yq

(sm 8 yq) | a | R R
2\R R3

B 2" d
1—a/cosd ) a (d S \I—a C056+ vsing) _ & F) F= R3+§ Y3,sind
> ( R +ansm5>—Eq F+§ Y3,5iné 2 \"g_ T qfsm >4

af"
dy -

sinéd  jq

1—a _ 1-«a . y_i(i>
(_R _F> +—/§’sm5 | = +T]2ys1n6| ]2_631 R+d

d 1-a l-a , . al
q(ﬁ‘l’ §2Y325in6> /ysmS) —T]:Smé'/ ]i’ — “2

d _ 7]
/—f (F_ (Y1 — §2Y32)sin6) (an + &Yy, sm6) + —/1 51n6\ / EF — dXy, + 1 . ajlysin(S 5= _t
| |
|
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3éd
/ 1- )f( + qYs, sin 6) cosd —aé [% — (2Y35 + Z3;, + Zy )sin 6] \
d fic _ ‘ d _(sind  3jq |
3y —| 1-a) ——cos6+2 g —Y,siné |sin§ —ac( E _?)
. _(cosé 3yn cosd , (3¢ .
1-a F—Yosm(Y cosS—a[c( B RS )+z( I +qYs, 51n6) 3 (ﬁc056+(Y32 cosé+q253)sm6)]

~ af,c d 1% y é 3¢y
Since ycosd +dsind =17, 6))? =2(1-a) (—3 - Yosin6> sing — %COSS— (—RLCDSS + Fsmd R);q)

d é+d |
=2(1-a) R——Yosm(S 51n5——c056 a|—=—sind —— —

Since ¥sin6 —dcosé=q, z=¢—d and (Yy; — &%Yy,) + (Yo — q2Y3p) = % (refer (* 3) of Appendix )

a 5 3 3E(Jn + €2 cos &
af3 = —(1—a)—+(1 )(%—Y0 cosS)sin&—a{C;szcos —C(y%icos)+(qcosé—h)qY3zsin5—fZ(Y32c056+qZS3)sin6}
3é(dq + R? cos &
=—(1—0{)—+(g3 Yoc056)51n6—a{ -Y, —w+(qz—fz)Y3zsin6cosc¥—qh}’32 sin6—§2q253sin6}
n 2 e ~d~ 2 2 3 3 2
=—(1—oz)ﬁ+( Y0c056)51n6 a)%sS 1n6c055+—sm 5+ cosd — e +[( —&1)Y,, — YolsinScos§ — qsin S (hYs, + E%Zs3)
y 8+z— 286 3éd ng
=-(1- a)%+ (Rl Y, cos 5) sind — a{n sind +z-2¢ cosd — ;Sq — [Y11 — q?Y5,]sinS cos § + qsm6( — hY;, — §2Z53)}
% 6 —é— 3éd
=—(1—a)iz+(Rl Yocos6)sm6—a{nsm ¢ cos§ —%— %—Yo]sin6cosd+qzosin6}
y +d 3¢ d
=—(1—(x)—+(g3 Y0c056)51n6+a{ FE cos§ +——— (Yycos 8 + qZ,) smd}
The above three vectors correspond to the contents of the row of Strike-Slip in Table 8.
( Evaluation of 7 etal. will be done in the later section )
(2) Dip slip
- 2a 1 + 1% singcos s
/u1 = 2R \ w=-7 , [ssindcos o tan‘lf—n
a o a B 1-a & qR
f; :|u2=E +Ean11 | fP=1u=-ngXy — 0 — , R+asm6cos6 1
-a a 1-—« 11
\u3 = In(R +¢) — _q2X11/ us = ¢?Xqq + I1,sind cos § RR +$)
2 3 a
cos§ cq Y. 1
uu= (1—a) —qYy;sind —ag T RR A+
(o
L= ~ ~ 2R +
fi u = (1—-a)yXy — atnqXs; Xsp = 3752
Uz = —dX;; — EY1,8in8 — aE(Xy; — g2X,) _RR+9
c=d+z

where, g =ysind —dcoss, J=ncosé+qsins, d=nsind —qcoss, RZ=E2+n%4q%=X2+1?,

By differentiation with y-coordinate (refer Appendix “Table of Differentiation of Integrals”)

(51n6 yq) \ EE
2 R R? 2 \l sm6 yq

l1-—a. & . a
(an + &Yy4 sin 6) += [(217 siné — d)Xy; — yan32])| = \T dX;; + §Y1151n6 + EnG} R R3

1 -a — a G = 2X,,8in8 — JqX5,
2 —— VX1 —Eq(ZXll siné§ — yqX3,) T}?Xn _EqG

sm 6 yq

l-—a , .
+T]4‘ sind cos &

l-—a ,
q(2X11 sin 68 — ¥qX3;) +—; sin§ cos &

1-a , .
—E +T/4 sind cos §

( . 1—-a
k (211 sind — d)X;;, — yan32] - (an + £Yy4 sin 5) + T/é’sin(? cos 5}

—nG — &Yy4sind + —]5 sind cos § |

1-a ,
qG + Tjﬁ sind cos §
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d 5 3y
/ (1—a) c056 <R3 Y051n6>51n6—a (81;3 —%) \
| . |
=| a- oc)(x11 — 7°X33) — aé[(d + 2q cos §)X3; — FnqXs3)
cosd
\ ydXs, +§( + qYs, 51n6) sing + aélyX3, + q(2X3, sin 6 — §qXs3)]

o < afi° n d d . ¢ 3¢yq
Since ycosd +dsind =19, : =—(1—a)<ﬁ R3sm6 R3sm6+Yosm25—a(Fsm5— )

ay RS
é+d 3éy
=—-(1- a) 3+ Yosin?6 — a (CR3 siné — ;};q)

The above three vectors correspond to the contents of the row of Dip-Slip in Table 8.
( Evaluation of ;7 et al. will be done in the later section )

(3) Tensile
-—a a l1-«a _ ¢
/ul - In(R + 1) —quyll\ /ul oo - —Iysints \ 9 =tan” 2
4 1-«a a, | £ | 72X l—a & , | 1
A - - _ _= X1 =72
fi |u2 2 In(R +¢) 29X Tl %= a R+lem6| YT RR+9)
\ o 2 X1y + Y1) \ X1y + V1) — 0 — ~— %1, sin?s / Y, !
U3 = — —= Uz = - sin =—
3 2 2‘1’7 11 11 3 = q\NA1 11 « 4 11 RQR +17)
nes , 2R+¢& 2R+1
/u1 -(1 —05)( +q¥1q C055) a(z¥yy — q°Z3;) \ X3z = RER+&)?’ Y3, = R3RR +1)?
ff=lu,= (1-a)28Y,sind+dX;; —aé(Xy; —q?Xs;) | sin§
\ Z32=F_hY32
u; = (1—a)FXyy +EYy1c0868) + aq(énXsy + EZ3,) h=qcos6§—z, é=d+z=nsin6—h

where, g =ysin§ —dcoss, ¥ =mncosé+qsiné, d=nsiné—qcoss, R*=E2+n%+q?=X?+n?,

By differentiation with y-coordinate (refer Appendix “Table of Differentiation of Integrals™)

1—a/cosd ) a d 5
— ( R +ansln6>—Eq R3+E Y3, siné
af" 1-a

a
dy - _TYXM _EQ(ZXH sin & — yqX3;) Yo =Yy — E%Yy

1, , d
\ E(an + &Yy, sin§) — %{(d +2q cos8)Xy, — ynqXs, + f(ﬁ —Yysinéd )}/

Since (Yy; — &2Y;,) + (Y1 — q%Y5,) = % (refer (x 3) of Appendix )

afst 1, i af . . d 7 _

6—; = E(qu + &Y sin 6) —E{an +2gXi1c0s8 —IngXz, + & (F - [F - (Y, — q2Y32)] siné
l—a,. . a 5 &q 5 .

= T(an + &Y;; sin 6) - E{qun cosd — JngXs, — ﬁcosﬁ —£q°Ys; sin 6}

l—a,. . a
= T(qu + &Yy, sm6) +EqH

] —cos 6 +&qYs, sind

Here, H = —2X;1c0s6 + ynX;, + 7

= —2X;;cos 6 + (ncosd + gsind)nXs, + %cos& +&qYs, sind

= (n2X32 + % - 2X11) cos & +nqX3, sind + €qYs, siné
2R +¢

TRR+9?

= —q%X3, cos § + 1qX3, sin 8 + €qYs, sind

= (psind — q cos §)qX3, + £qYs, sind = dqXs, + EqYs, sin s

(82 + n?—R?%) cos § + nqX3, Sin§ + éqYs, sin g

Therefore,
1-a (COS(S +at. 6) F 3
) / 2 qY1; sin 2‘1\ F=d+§Ysm6
0fi" | 1-a_ [ R3 32
ay | 2 YX11 - EqG G = 2X;,sind — yqX5,
l—a,. -4 ;
— 2 (@ + E¥yysing) +Zqu ) M T AaKH NS
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d l-a al
/ q<F+§2Y3zsin6> —T]Zsinzé\ ]Z:a—;
af’ | 1-a | a, ¢
— . 5 _ Y qin? D _
3y | q(2X,1sind — $qX3,) p J2sin“§ | Is 6y( R+ d)
. d al
\(d +2q cos8)X1; — yngXs, + & <F —Yysind > (an + £Y;4 sin 6) - /6 sins 2= 6;
/ q +§’ Y, 51n6> ——]4 sin? \‘ ( qF—_]ysm26\
1 — 1
| q(2X1, sind — yqXs,) a]; sin | | a6 _—/*; 51n26)
\2qX11 cos 8 — ynqXs, — iq cos§ — &q?Ys, sind — —]6 sin? / \ qH — —/6 ;sin*§
d cos . 3éd .
(1—a) 51n6 7 — Y, |sind cos & +a z(?+ qYs, 51n6)+ q ?—(ZY32+Z0)51n6
9 fc
0]; =l-201- a)f( + qY3, sin 6) sin § —ydXs, + aé [§X3; + (2gX5, sin 8 — 792 Xs3)]
cosé
1-a) {Xn — §2X5, — {( FE + qY3, sin 6) cos 6} + a{ [(d + 2g cos 8) X3, — yan53 + 5[ — (zYsy + Z3, + Z)sin 6]}/
3¢d
(1—a)( +Yosm6c056) +a %cos6+c—5q—qzosin5 \ cos &
R R P=— FE + qYs,sind
=| -2 (1 — @)éPsiné —ydXs, +aé [(F + 2qsin§) X3, — §q%Xs3] | 3ed
i / Q =5 — (2¥s2 + Z3y + Zo )siné
—(1 —a)(éP cos§ —Xq; + 72X3,) + af[(d +2q cos8) X5, — 37an53]

The above three vectors correspond to the contents of the row of Tensile in Table 7.
( Evaluation of ;7 et al. will be done in the later section )

[ 111 ] Derivation of Table 9 (z-Derivative)

Table 9 can be derived by differentiation of Table 6 with z-coordinate.
In the following, the notation is matched with Tables in Okada (1992).

Displacement : u,(x,y,2) = -[ w4 — & +w,® + 7, |
uy(x,y,z) = % [ — 0" + u,® + 2u,%) cos 8 — (uz” — 3" + us® + zu36) sin 5 |
u, (x,y,2) = 1 [(uzA — " + P — Zzu, %) sin§ + (uz” — 37 + us® — zuz€) cos § |
wh= fAEDIEZT Y, ot =frEn ol w =@l wt=£En |
z-Derivative : %(x, y,z) = %[ll“1 + 05w+ zllc]
%(x,y, z) = %[(12‘4 + lAzA + L7 + w4+ 21, cos & — (11 + z3A + 1%+ us€ + 215°) sin6]
22 (x,y,2) = i[(lzf* + 0,0+ L% =, — 2L, sinS + (A + 5"+ 17 — +us€ — 2155) cos5]

~ A

= 0fi"/0z(E,m D) 7Y, = of,"/oz(En,-2)|, L°= ofP/ez(Em )|, LC = 0af/0z(&m, 2)|

(1) Strike slip

2] a .
/u =3z +—€qY11\ /M“fqyn—@— 5 15iné \ o L
~ =tan " —
aq fB_I _ 4 lma ¥ s | qR
=|u 28 | [ « R+a ™ | v 1
—a 11
\ lﬂ(R‘l'??)——q i \u3 =q°Yy ———1Isiné / R(R +7)
u; = (1 — a)&Y,cosé —aéqZs, \ Yoo = 2R+17
cos§ ) tq 32 7 R3(R +1)?
¢ | u2=(1—a)<T+2qYllsm6)—aF | sing
& ) / Z3p = 73 R3 — hYs;
=(1- Y §—al——1zY A ~
us = (1= a)q¥yy cos a<R3 Wu+d 32) h=qcos6§—z, ©C¢=d+z=nsind—nh

where, g =ysin§ —dcoss, § =ncosé+qsins, d=nsind —qcoss, R*=E2+n%+q%=X2+1?,
6
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By differentiation with y-coordinate (refer Appendix “Table of Differentiation of Integrals™)

1 a,. [y 2 l1-«a y
—(y —&l=— - y
. ( z(yX11+§Y11c055) + §[R3 (Y1, §Y32)C035]\| T§y11CO55+EX11 + fF COS(S dq
df; _ cosé LU dq _ R3
0z | 2\R R | F' = +$ Y, cos§
; o 1—a/siné a 32
1—a/siné a (¥ \_ ( _ _Z '/
\— > (T_an cos&)—iq(ﬁ+sz32 cosd) / 2 AL C°S5 > aF
y - 1-a al
—& [F_ (Y1 — &%Y3,) cosé] — (§X11 + €Y1 cos ) +T]1‘51n5 —EF' — §Xyy + - J7sing JE = _6_21
afiB_ cosS dgq 1—0(2.6 _ - 1—(:{[_(S ,_0( ¥
3z R TR g Jsind = - +g Jisin ) J2 -a(m)
~ _ , l-a al
\ q(%+ &%Ys cos6> a/§sin6/ \ qF +——J3siné / Ji = —a_zz
367
( (1- a)f( — qY3; cos 6) cosé - af{ Rgl + qYs, — (2Y3, + Z3; + Z )cos 6} \
afe 3 (y ) ) . [cosé 3dg
6_z:| (1 a) c055+2 FE Yy cosd )sing ac| s +—R5 |
¥y sind 3d77 siné ,(3€C . -
1-a) (R -Y, cosS) cosé +a = R +Y,+ ( E —q¥s, cosd) —-¢ (ﬁsm5+Y32 sin? § — qZg5 cos 6)
a £ y , d c+d 3¢dq
Here, 0, = 2(1 —a) (F - Yocos6) sind + Fcos6— FE ——cosd + e

Andsince z=¢—d and (Yi; — &2Y3;,) + (Vi — q?V3p) = % (refer (+ 3) of Appendix )

6a];3€=(§73 Yocos6)c055+a{ (53—Y0c055)cos6+6;325in5 —W+Yn—(qc055—h)qY32c056—fZ(Y3zsin25—qu3cos5)}
= (R—NS— Y, cos 6) coss + a{— (Rl;_ Y, cos 6) d -:Zsiné +3E(}7q—R7§ZSin§)+ Y1, — (&%sin% § +q%cos? §)Ys, + qhYs, cos § + £2qZg; cos 6}
=(Rl;—YDCOS(S)COS(S-FlZ{—%COSZ(S—%SH’I&COS&-{-Z;—ZESinlS-{-:;R};q+Y11 &Yy, sin? 8 + (Y, — 2}’32)c0525+qcos6(h}’32+52Z53)}
=(Rl~3—yocos6)cos6+a{ gc0525—~+dsm5+ yq + Y, — &2Y,, sin? 6+(i yll)C055 qcosd( sind —hYs;, — 5253)}
=(RZ Yocosﬁ)c056+a{ €+dsm6+3yq+ynsm26 £%Y,, sin? 8 — qucosd}
=(%—Yocos6)cos6—a{ ;dsind—3;Zq—yosin26+qucos6}

The above three vectors correspond to the contents of the row of Strike-Slip in Table 9.
( Evaluation of j7 et al. will be done in the later section )

(2) Dip slip
2a 1 17 inscos 6
u = == U= —— 3siné cos
0 iR R « ¢ 9=tan‘1§—n
Y B ~ .
fi® = up = +Ei7qX11 fi = uy=-nqXy, — 06— , R+asm6cos6 . 1
l1-«a a 1—«a 11 = 5rp o 5y
\u3= > 1n(R+§)—Eq2X11 \u3=q2X11 + 1,siné cos § / RR +$)
cos§ cq Y, 1
uy= (1—a) —qYysiné —a 1T RR+1)
c_
fii = u, = (1—a)yX11 — atnqXs, X =L+E
a - : 2 P ORR+Y?
uz = —dXy; —§Yqysind  —at(X1y — q°X,,)

t=d+z
where, g =ysin§ —dcoss, §J=ncosé+qsins, d=nsind—qcoss, R*=E2+n%+q?=X%+1n?,

By differentiation with y-coordinate (refer Appendix “Table of Differentiation of Integrals™)
cosS dq

N el ) Ay

1 f " E' = +
E(yXu + &Y, c0868) + = [(217 €088 — $)X11 + dngXs,] | k 2 yXll +5hicoss+on6 ) R  R3

a. G' = 2X;, cos 8 + dqXs,

X - I
Xy, ZQG

I
l-—a. .
\— > dXq, _Eq(ZXll cos6+qu32) /



Mathematical Background of DC3D (Part 4)

cosd d 1- 1- al

/ (T + RZ) - ]4 sm6cos5\| - Ta]fsintScostS Ji= 623
a ﬁ a, ¢

| —[(2ncos & — $) X, + dngXsy]| — (FXyq + €Yy, cos ) — —]’smScos | —NG" — &Yy cos8 — —/5 sindcosé | J§ = (R ra

1- , 1- al
\ q(2Xy, cos § + dqXs,) - —josmScosd / qG - —j()51n6C056 Jé= _6_24
d y . _[cosé 3dq
af.C ((1—a)ﬁc056—(E—Yocos6)sm5 _aC<F+F>
13 ~ ~
2z | —a)ydxs, — aé[(F — 2qsin §) X5, + dnqXss]
i siné . e -
X1 —d° X3, — & (F —qY3, cos 6) sind — ac(dX32 —2qX3,cos8 —dq X53)

dcosS —jsins

, é+d 3édq
+Yysindcosd —a R—cos6+

R3 3 R® dcos§ —jsind = —q
=| (1-a)jdXs, — aé[(F — 2qsin §) X5, + dnqXss] P = sin§
R3
—&P'sin§ +X;; — d*Xs, — aé[(d — 2q cos §) X3, — dq?Xs3]

The above three vectors correspond to the contents of the row of Dip-Slip in Table 9.
( Evaluation of jZz et al. will be done in the later section )

(3) Tensile
l1-a a l-a _ ,15_77
(u1=— > ln(R+77)—Eq2Y11\ u = q¢*Yqy -— I3sin%8 0 = tan R
l1-a a B l—a ¢ 1
- _Z 2 B _ — g2 2 -
| - In(R +¢) 2q X | fi Uy =q°Xy, p R+c~ism 6 X11 RR+9)
\ - ¢ 2 gy + €71 \ Xy +8Y11) — 0 =~ ysin?s / !
=3 5 X1 11 uz =q0X1 +8Y1y) -0 — 4SIn Yll_R(R—-i-n)
sin & 2R+E 2R+T]
( =—(1—a>(—+qyucos6)—a<zyn—qz32>w S 7 R SV R
U, = (1—a)2éY;;sind +dXy; —aé(Xqq — q*X33) sin§
32:F_hy32
u3 = (1—a)(FXy, + EYy1cos8) + aq(énXs, + EZ3,) h=qcos6—z, ¢é=d+z=nsiné6—nh

where, g =ysin§ —dcoss, §=ncosd+qsiné, d=nsiné—qcoss, R*=E2+n%+q%=X2+n?,

By differentiation with y-coordinate (refer Appendix “Table of Differentiation of Integrals™)
1—a/sind a [y 5

af‘A 1EQ(T—QYHCOS5> —gq(ﬁ+§ Y32cos6)
97 Tan —Eq(ZX11 cosS+qu32)

1 af . . - y 2
E(}’Xn + &Y cos8) — E[(V —2qsind)Xy; +dnqXs; + & (ﬁ — (Y11 — §?Y3,) cos § )]

Since (Yy; — é%V3,) + (Vi — q%Y5,) = % (refer (x 3) of Appendix )

afst 1 af_ N ym
623 = —(}’Xn +¢Y14 cos 8) ‘_{}’Xn —2qX;1siné +dngXs; +§ (ﬁ - [ﬁ = (Y1 — q2Y32)] cos & )}
1 —

. l1-a a
= —(an + &Yy, c0s6) + = {Zlel sind — dnqXs, — %simS + £q?Y,, cos 6} = T(}”/Xll + &Yy, cosé) + EqH’

= T(j/XH + &Yy, cosb) + EqH'

%sin 6 +&qYs,cosd

= 2X;, sin8 — (sin§ — q cos §)nXs, — %sin& +&qYs, cosd

Here, H'=2X;;siné —dnXs, —

(77 X3y + If 2X11>sm6+17qX32 cos§ + &éqYs, cosd
2R+¢ _
= W(RZ — &2 —1n?)siné + nqXs, cos § + £qYs, cos &
= q%X3,sin 8 + nqXs, cos § + £qYs, cos §
= (ncosd + qsind)qXs, + &qYs, cos S
= JqX32 +§qYs; cos b

)



Therefore,
1 —a(sm6 Y 6) F
— q¥11COSO | — —q 7
9 fA 13a~R 2 F'=F+52Y32cos6
0z 2 X1y - EqG G' = 2Xy; cos§ + dqXs,

l1-a 5
— (X1 + §Yyq cos ) + EqH’ H'=5yaXs2 +£q¥s; cosd

Mathematical Background of DC3D (Part 4)

4% 1-a al.
q(%+EZY32 cosS) +Tjjsin26 Ji= _6_23
afB . 1—a . a /s ¢
Dzl = q(2X14 cos 8 + dqXs,) + a JZsin%8 | JE = EP (R n d)
al.
(J —2qsind) Xy, + dan32 + E( — (Y4, — €%Y;3,) cos S ) — (JX11 + EYy4 cOs6) + ]6sm 6/ JE = _6_24
y 1-a Zain2 U 1-a Zain2
/ q(R3 + &£2Y,, cosS) +T/4‘51n ) \ / qF +—]4‘51n 6\
- l—a . 1-
=| q(2X;1cos8 + dqXs,) + Tjs‘sm25 =| qG'+ /5 sin?§
; 3 sq 2 1-a , ., ' 1 Zein2
—2qX,1sind + dngXs;, +Fsm6 —§q°Y3,cos6 + Jésin“8 —qH + /65111 §
¥y siné§ 3¢y
-1-a) sm6+( -Y cosS) cosé —a{Yn +Z(F—QY32 cos6) - [Rs + qY3, — (2Ys, + Zy) cos 6]}
af°
9z | 21— a)f( — qY3; cos 5) sin§ —Xy; + d?Xs, — aé(dXs, — 2qX35 cos § — dq?Xss)
1-a) {de32 + f( — qYs3, cos 6) cos 6} { [(y 2q sin§)X3, + dan53] + g‘[ + qYs, — (2Ys55 + Z3, + Zy )cos 6] /
z 3¢yq
—(l—a)(F—Yocoszd) —a(E51n5—T+YH —q%Ys, + qZy cos § \ P 51n6 _ ¥, cos
- - 32
= 2(1 — @)éP'—X;; + d?X3, — ac[(d — 2q cos 6)X32 —dq? X53 | 3cy
/ Q' =—+qVsy, — (zY32 + Z3, + Zy )cos 6
(1 — @)[EP' cos S + FdX5,| + ac[(y 2qsin §)X3, + dngXss] + aéQ’
Since (Yi1 —&%Ysp) + (Y1 — ¢%Y3,) = E (refer (x 3) of Appendix )
A z 3¢y n
a_zl =" + Yycos2§ — Q(FSID(S ~Rs TR + Yyc0s28 + Yi1 — q?Yay + qZ, cos 6)
z 3¢y
= —% + Yycos2§ — a (Fsin(S - % — Yosin28 + qZ, cos 6)

The above three vectors correspond to the contents of the row of Tensile in Table 9.

( Evaluation of jz etal. will be done in the next section )

JE—J&, J7 —Jrand j# —JZ can be exaluated as follows (refer Appendix “Table of Differentiation of Integrals™)
11=—R+dcos6—14sin6, L=In(R+d)+;siné
1y 11 7 ya
I; = = In(R —sindln (R+d L=z|——=+—"——=-In(R if 6=0
3= osdR 1 d coszﬁ[n( +1) —sinéln (R + d)] <3 2[R+d+(R+d)2 n(R+mn)| if cos
sind & 2 _NX +qcosd) +X(R+X)sind &y
I, = = I, = if cosd§ =0
coséR+d cos?§ E(R+X)cosd 2(R + d)?
(@) In case of cosé+0
For x-derivative
,_0 y\N_ &y _
lz_ax< R+d~)_R+d~ 112—12
L,_ 0 SN (5.7
]S_E(_RHZ)__( +R+c1) 1 =Js
L 0 1 a3/ 1 §y . _
]4_§_cos6a<R+5)_c0526a[ln(R-l_n)_smsm(R_Fd)] T cos6R+d 11_coszzﬁ(y11 D1y sind) =J4
L, 0, sinédd ¢ 3] nX +qcosd) +X(R+X)sin§ _sing (. y° 1 . _
6_E_COS§$<R+&)+COSZ5£ E(R+ X)cosd " cosé d+R+d Dll+cosz6(qyn_yl)u)=]6
. 0L, 0 N, siné &y &sind . _ siné &y & ) _
/3—ax—axln(R+d)+6xsm8—ED11 c0sOR+d 1,1 00526(Y11 Dy, siné) = cosdr+d Pt oos 26(D11 Y1, sind) =J3
X—all—a( ¢ ) 5L gins = d+ v D sind (qY,, —§Dy,) =
/1_6x_6x R+a) 6xsn " cos§ R+d) ™ cosze dm™ron =)

9
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For y-derivative

H=%(

52

<k

)— S S SNYE P
R+d R+d R+d ™ "R+d utls)=g +Js

S5 = ( +) R+d D=1z
1 0

y—al3— ( y ) L9 in(R+ 1) — sinin (R + d L7, ! (C056+ Yy1sin — D "a)
]4_03/ cos8 Ay \R +d c05266 [n m) = sin 8ln ( )] cos6\R+d R+4d * cosZzY R qf1 s Yt sm
1 (. sin N
=T %058 d+R—+&>D11_ 025(°IY11 ¥D11) =]
dl, sind 0 & 2 0 n(X+qcos8) +X(R+X)sind  sind &y 3
y _ 24 -1 . _
=2t (= = = =2 Dy +———(Dy; — Yy siné) =
Js ady cos66y<R+d)+cosz66y an E(R+X)cos§ T cosOR+d 11+c0528( 11~ Yusing) =J
, 0, 0 al, sind 32 sin? N
/3_0)/ +-In (R+d)+—ySln6—yD11—C055 d+R+& D11_C025(qY11 ¥D11)
_ _sind d+ i D sin” 0 Y.+ ! D1 = qY, sind d+ A D (qY11 — ¥D11) = qY,
= T oss R+d 11~ 0525‘111 C0525y 11 = 9111 cosS R+d 11~ 026‘111 ¥D11) = qY11 —Js
o, a9/ & al, . &y sin?§ &y &siné )
== 6; @<m)cos6+asm6=—mDucos§—COS6R+&D11+ (D11 Y1, sin &)
B 1 &y D sin? § v sin§ D 1 &y & (Fis — Do sin ) = ¥,
= T os6R+a’m cosZSE 11+c0526€ 11 =&Y — C0s6R+d 1T cosze 115In8) =&Yy, +J,
For z-derivative
9/ ¥
Z = 7D
I3 3Z<R+d) Y11
i =5 () = 0
o 0L 13(5’) In(R + ) — sin8ln (R + d G ) =K
=0, = " wssaz R+d)  cos?é0z [n( +m) —sindln (R + )] = coss P %) =K
,_ 0,  sinéd I3 2 9 nX+qcosd)+X(R+X)sinéd ¢ ) _
Jo==%, = cosS@z(R+&) cos260z " ER+X)cosd _cos5(Y11 Diysin6) = K,y
. al, 3} ~ 0l | 1 sind _
]3 :—gzg—ln{(R‘l-d)——aISlné‘:E—m(ylel—qayll)EKZ 5
; sin
]fz—azl aZ<R+d)c056+a—sm6 EDHCOS(S— (Yu—Dnsm(S) (Dll—}’nsmcﬁ)_K1
Namely
-2 .
fefim (a4 2 ) 0y = S0 (v, -3 R = fatls = Ky= (D~ Viysind)
cosé R+d cos2é 1 cosd
iy _1 L
Ji=]2= R+d Dyq ];_ R +Js ] =9Dyy
. sind &y 3 . Y = aY. . — . 1 sind
Ji=ts=— s rta P + 75 (Din ~ Ypsind) Ji=atu~Jo  jr-k,= R coss IPu—qh)
. 1 &y ¢ . _ . 1
Ji=Ja=~ COS§R+dD11_ COSZ5(Y11 Dy siné) ]1_11 Ji=K3=~— Py (#D11 — qY11)
~2
X y z
Js=Js= <d+R+d>D11 =7, JZ =¢&Dyy
- sing (. §? 1 - ) ¢
I _]6_COS6 d+R—+£1 D11+m(qY11—yD11) J =Js ]6:K4:m(Y11_D115in6)
And there are following inter-relations
. 1 . 1 ]
J1=J5c0s8 —Jssind jg—m(Kl—jzsm&) K, = E+K3sm6
1
Jo=—EY;1 —J,c088 + J3siné ]6=m(1(3 —Jssiné) K, =¢&Y;;cos6 — K;sin§
(b) Incase of coséd =0 (sind=+1, y=gqsinéd=+q, d=nsind=+n)
. 1 1 1 2 _
In this case, Y;; = Dy, sind = +D,; because = == — —+ when siné = —1

RR+n R(R-d) R(R+d) R -7’
For x-derivative

PO R A DR A

]2_6x( R+d)_R+&D“2_]2 R+ d)ieq?

c_ 0 EN_ (5, T _ _(R+d)d+q* o
]5_6x< R+d)_ <d+R+d>D“_ RR+d? R+&(1 D) =Js

10
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L 0, 19| 7 yq &n 289q Esing| d 2q*
/4=f—5;—~ ——= - IhR+n)|=-3 =Dy, —7 D11 + 8§V | = =Y, — =+ —=—1|Du
x X|R+d (R+4d) 2|R+d (R+4d) 2 |R+d (R+d)
e &siné d 1 . 24> > £+ &sinéd (1 2p, ) ]
=—{V, - —— = = - =- —=(5—4 =
Y2 |r(r+a)’ RR+d)(R+d)’ Yreayz T
L0, 13 &Y y o1
i=tmam e (Do) =,
ox 26x(R+d) (R+ d)?\2
Lo, @ N , &1, ¢ 1
]3—E—£ln(R+d)+Esm6— EDH—lelsm6+m<§—q Dll) (R d) (——q ) ]3
al, o0 ¢ al, y _qa ( )
L R _— = 2
LT ox ﬁx( R+d> 050 axs no= (R+d)2( gD“)SIM (R+d)2\2 —¢bu)=h
For y-derivative
d y) 1 72 1 ; d 1
Y= = - — = = = == T = ==
. ay<R+d R+d R+a ™ Trrat(@Puth) R+d RER+d) TR
d ¢ 5y
V- (2 =
Js 6y< R+&) Rran=Jz
, 0y 1fcoss  m $siné  q(1—2y?D;;) cosd ) 1 dq 2q 2q° q
]4=a—=§ == = D11 2 ~2 R —qY1;sind =21 7t 2 ~3 E]
y 2(k+d R+d ' (R+d)’ (R+4) R(R+d)’ (R+d)’ R(R+d)’ R(R+4d)
~ ~ ~ ~\2 - -
R o Rl ISR R e ot I B R
2R(R +d)’° 2R(R +4d)° R+a2\2 >
al, 19 &y 3 1
=== — = - (__qu ):]
©T Oy 20y(R+d)’ (R+d)\2 T
a, @ ol . q y 2q
y 2 _ 3 — —
I @—EIH(R""{)"'ESW‘S—)@H m(——f D11)51n5 VD11 —m(——f )—an—ﬁ_le
p=_h a<s) 5+ g =— 3 (1 D) 5=V, +]
=——=—-—"\—"—""—=])cos SN0 =—— sin
1 ay 0y\R+d ay (R+d) q Dy 11T /a4

For z-derivative

2w
]z—%z R+d =Yl
Js =E(—R+&)=€Du
a1 1 iné y 2 iné 1|siné iné 2y
Ji= == —&+1’]D11+%(C()S(S+—q)+—snl —qYy cos6p=—= Smo _ sm — + n _ yq~ 5
0z 2( R+d (R+d) R)TR 2| R R+d RR+d) R(R+d)
:_1 2dsiné 2¢%siné§ B (R+d)d~+2q2 __sin5~ (1—£D,) = K,
2(R(R+d)  R(R+d)’ R(R + d) d
oo O 10 &,
6 0z ZaZ(R+d)Z N
2 al, 1 ) 2
3:_52__1 (R+d)__51 6_§ R+ad (1_§D11)_ d+—— R+d Dy =K,
, al 0 & al &y
]1——a—zl=aZ<R+d)cosé+a— sind = +&Dllsm6 mDuEKl
Namely
x q 1 2 §q
Ji=h== Gy (a =€) J =¥+ Ji=Ki=—-Dy,
&y 1 L
] ]2 R+d 11 ];—§+15 ]2:yD11
x 1 2 ]V— Y, —J P ~ fz
. &sind (1 Y v _ _ S&
R b 2 RO B Jim K= g 76w
Ji=Js= R+d(1_§2011) ]21:]2 J& =¢&Dyy
: Y (5-¢0u) &
= =—|[—— D. _ z _ _
Je=Js (R+d)2\2 ¢Du Je =1s ]6—K4——m 11
And there are following inter-relations
1
J1=J5c0s8 —Jgsind Ky =],siné K, = o+ K;siné
Jo =&Yy —J,cos6 + J3sind K3 =J5siné K, =¢Y, cosé — Kqsiné

11



Mathematical Background of DC3D (Part

Appendix : Table of Differentiation of Integrals

f of /ox of /oy of/oz
§ (0x) 1 0 0
n (op=ycosd+ (c—2z)sind) 0 cos§ —sind
q (o q=ysind —(c—z)cosd) 0 sin cos o
y (=ncosd + gsind) 0 1 0
d (= nsind — gcosé) 0 0 -1
h (=qcosd —2z) 0 sin & cos § —sin? §
¢ (=d+z=nsind —h) 0 0 0
X (=8%+q%) &/X gsiné /X qcosé /X
R (=& +n+¢? = [ +57°+3) ¢/R /R —d/R
f af /ox af /oy af /0z
1/R —&/R3 —¥/R3 d/R?
1/R3 —3¢/R® —3%/R® 3d/R°®
siné  ¥q cos8 dq
R —&q/R? _2t aq
q/ $q/ R R tE
3 _ 5 cosé 3yn siné 3dn
n/R 3$n/R < TR —— e
3 _ 5 sind  3yq cos§ 3dg
Q/R 3€Q/R R3 F ? + F
In(R + &) 1/R 7X11 —dXy,
cosé ) sind
In(R +1n) &Y B + qY;,sind ~ + qY;; cosé
In(R + d) éDyy D4 -1/R
Xy —1/R° —9Xs, dXs,
X3p —3/R® —VXs3 dXs3
nXi4 -n/R® X311 €086 — ynXs, —X,, sin 8 +dnX;,
VX14 —5/R® X141 —}72X32 ydXs,
dXiy —d/R? —ydXs, —Xy; +d*Xs,
19X —1q/R® (2nsiné — d)Xy; — ynqXs; (2ncosé — §)Xy; + dngXs,
q°X11 —q*/R? q(2X1; sin 6 — ¥qX35) Q(2X11 cosé + qu32)
1qX3 —31q/R® (2 sin & — d)Xs, — NqXs3 (21 cos & — §)X3p + dngXss
q°Xs, —3q*/R® q(2X3, sin 6 — y9Xs3) q(2X3; cos 8 + dgXss)
19°X3, —3nq*/R® q[(3nsin& — d)Xs, — 77751)(53] _CI[(377 cos§ — J) X35 — dquX53]
cosé ) sin§
Y11 —&Ys, i T qYs, sin§ (x1) N qY3, cos &
3cosé . 3siné
Y3, —&Ys3 — s~ Q¥szsind  (x2) —5 ~qY¥s30088
cosd ) sind
&Y Yo - (? + qY3, sin 6) & (? — qY3, cos 6)
y
q¥11 —$qYs e Yysiné (*3) el Yycoséd
d . y
&qYy,y qYy €<F—Y0 sm6> E(F— Yo c056>
d . y
q*Y11 —£q°Ys3, q<ﬁ+€2Y32 sin 6) (*4) q(F+EZY32 cos 6)
As an alternate, (2nsind —d) = (d +2qgcosé) and (2ncosd — ) = (J — 2qsin §)

12



Mathematical Background of DC3D (Part

f af/ox - df /oy - df/oz
Z3, —&Z55 Ri cosd — (Y35, €088 + qZs3)sind (*5) Rg sind + Y3, sin?§ — qZg3cos§ (x 5)
&273, E(Zsy + Zy) —52{ cos 8 + (Y35 088 + qZss )51n6} & {—Csin5+Y32 sin? § — qZs cos 6}
3¢d 3¢
4°Zs, —£q7s; q {? ~ (2¥s, + Zo) sin 5} (+6) a2 + ¥ — (@¥ay + Zg) coso]
3éd . 3¢y
€qZs» aZ Ei s — (Ysp + Zap + 20)sinS | (+7) | {52 + ¥y = (Vi + 2, + 2 )cos 8}
1 $ y
— ——=D ———=D
R+ R+d " R+d Du
¢ 5, ¥ §y
P d+——=|D 8 ~
R+d R+d 1 (+8) R+dD11 $Dyy
Ui &n cos§ yn siné
— — D ~———=D =
R+d R+d R+d R+d " “Rxqd Pm
y $y 1 v
51 _—"'D - = _...D Vi
R+d R+d 11 R+d R+d 11 yDll
¢ y(1 —282Dyyq) §(1-2y%Dyy) 28y D
(R+d)° (R +d) (R+d)° R+d "
yq 28yq ysiné +q(1—292Dy;) 7 2q
_ 3 b, y q ~Zy 11 -z(C°S5+7)
(R+4d) (R+4d) (R+4d) (R+4d)
— tan-12" ; . ~
O = tan q_R _qY11 (* 9) dX11 -+ Eyll Sin 6 (* 9) yX11 + Eyll CoS 6
1 N 1
E(qYu — ¥D11) (+ 10) %(D11 — Yy, siné) (*10) —Efyn cosd (* 10)

177(X+qcosc¥) + X(R+X)sind

E(R+X)coséb h=gqcosé—z t=7nsin6—h

1 2R+¢ 8R? + 9RE + 3¢2 siné ,
X11 = —R(R n f) X32 = RB(R +€)2 X53 = —RS(R n f)?’ Z32 = F— hYSZ YO = Yll —f Y32
Do = v = 1 Vo = 2R +7 v _ 8R*+9Rn +3n? 7 _ 3siné W Z, = 7y, — &Y,
1 = R(R +d) 1 = R(R+1) 32 — R3(R +1)? 53 — RS(R +1)3 53= T ps 53 0= 432 53
0 7 % J(2R +n) + R*cosé§ _ _ cos &
(x1) @Yn m[ (R+?7)+R(R+COS5)] RIR )2 __yy3z_m
cosd

. . 1 . 1
= —(ncosé + gsind)Ys, — —qY;,sind — (nY32 + m) cosd = —qYz,sind — Fcos&

RR+1m)2

(2% +cos8) R3(R +m)? — (2R + 1) [3R2 (R+n)?+2R*RR +1) ( +cosd)| _ —5(8R2 + 9Rn + 317) — K% (3R + )cos &
RS(R + n)* RS(R +1)?

a
(x2) @Yﬁ =

. 3R+n . 3R+n X 3
= —(ncosé + gsind)Ys; — mcos5 = —qYs3sind — (nY53 +m) cosd = —qYs3sind — ﬁcos5
. 2R+7 n 2 n n
(*3) Since (Rz—nz)m= ——+m = g = et 2 o (=) + (Y~ @*Ya) = 53

a 0S . q
3y —qY¥,; =Yy, siné — q( ) = (Y1, — q*Ys,) sind ——cosS [ — (Y, — §2Y32)] sin§ —FCOS(S

2 2

cosé
+qY3zsin6)=q(2Y11 q?Ys,) siné — q—cosS q(n +¢ Y32)sm6 4 —3C0s8

(+4) ay qZYn—2qY11Sln5 q (

d (3 3cos 3(Jsiné — hcosd) . .
5232 = (R5 + Y, cosé) sm6+h( +qYs3 sm5) T—Yn sind cosd + qhYs; siné
3¢ 3q 3¢ 3sind
=5 cosé—R—sm 6 —Y3,sind cosd + qghYsz sind = —R—c055 Y;,sind cosd —qsind g — hYs3
51 5 3d 3siné 3(d-h)
5232 = \z +Y;,siné |sind — h( o qYs3 cos 6) 7S sin§ + Y;, sin? § + qhYs; cos &

3¢ . 3q . . 3¢ . L, 3sind
= E51n6—E51n6c056+Y325m 6+th53cos6=ﬁsm6+Y3zsm §—qcosé T—hY53
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Mathematical Background of DC3D (Part 4)

8R? 4+ 9Rn + 3n? 3n 4R +1n) 2 2 3n ; 2 3n
W = RS m (&% +q*)Ys3 = —ﬁ+4y32 = (3Y3 — §%Ys3) + (Y32 — q°Ys3) =F

1 3¢° 3q2 . 3n(nsin$ — ¢)
and Zsz_q2253:<ﬁ_ R5> né— h[Rs (3Ys, — fzysa)] (R3 RS Sms_T

3cr] 2sin§  3&%sind

T RS R3 + RS

(* 6) Since (R?—1n?)

+ h(3Y;;, — §%Yss)

, 3¢n sind ,(3siné 3C17 )
+h(3Y;;, —¢ yss)— T +hY; — (R3 hyaz) 3 ( ysa) e + hYsp — 273, + §%Z53

3¢q

5} 3¢
6yq 273, =2qZ3,sind — q (—0055 + Y3, siné cos § + qZs; sin 5) = q{ —5 €0s8 —qY3;sindcosd + (273, — q%*Zs3) sin 6}

3¢q 2 3¢cd .
= q{ 3 ——cosd + —sm5 + [(h — qcos b)Yy, — Zs, + E2Z55] smS} N [zY3, + Zy] sin g

3¢ 3¢
(x 7) qu32 = 5{232 sind —q (R cosd + Y3, sind cos§ + qZss 51n5)} f{—R—chosd — qY3,sind cos§ + (Z3, — q*Zs3) sin 6}

3cd
= f{ fq —zCc0sd + —sm(S + [(h — qcos8)Ys, — 275, + E2Zg5] sin 8} = f{% — [zYs;, 4+ Z3, + Z,] sin 6}

- )_ & 1 &  RR+d)-¢? Rd+)72+&2_(R+d)&+372_<&+ 72 )D
d%ER+d R+d R(R+A)? R(R+A)? R(R+d)? = RR+d)? R+d) M
9 a8 _ @R naR—$ng/R - na(R* %) M _q q v,
0§ R’ +q’R2 ¢’R? R +q)*+q>) RER -n?) R'—n* RER+m M
(+9) iitan_lf_n:qucosS—fn(Rsin5+qy/R):fq(RZ—n)cos5 Er](R2+q2)sin6: {gcosd  &nsind  &psind
d qR $2n® + q*R? R(&*+q*)(* + q?) R(R*—¢&?) R(R*-¢%) R(R*—n?)
qcosé qcosd nsiné nsind &siné &siné ~ .
{ SR TRRTO RO TRERTO R TRREp - Wt iasing

(*10) Itwas shown in "Derivation of Table 6", ff dndé = fﬁdn = 5 [In(R + d) —sin§ In(R + )]

Ccos

0 _ ¢ 2 _ N(X +qcos8) + X(R+X)siné
and ﬂ Isdgdn = fR(R i) 1= Coss D Z(R+ X)cosd

. 1 q y &d ¢ én
0 - - -1 -15 -1
As an alternative ﬂ Isdnd& f 05 <R(R D R® &)> dé = o 5( an R tan 5 tan 4R

0 1 _22R+& 3 i_ T, 2R+d 3 i_iL
Because flsdr]—f<R(R+&) €R3(R+&)Z>dn_f[R3 (R(R+&) yRB(R+&)2>]dTI_f[R3 6}7R(R+d)]d71

_ [nsind —qcosd a h% _ sind  gcosé 1 0
_f 23 fR(RnLJ)dU = R +R(R+n) cos66~[ln(R+d) smé’ln(R+71)]
sm6 qcosd 1 y . 6(COS5+ gsind ) 1 q ¥y
=—— —~—sind|—+———=||=—= - =
R TR@®+m) coso R(R+4d) R R(R+m)/| cos6\RR+7n) R(R+d)

1 ! Ui 0§ . én
(J-R(R+r])d§:qf<}?2—;]Z_R(Rz_nz))d‘f tan™ a—tal’l 1q_R

y L T d e
fR(R+&)d§_yf<R2_&2 R(Rz_d'z))df_tan }7 tan }7R

Therefore
d _ n(X+qcosd) +X(R+X)siné 10 L &d 3 L 1 yd(R? — &2) y
—tan =-—|tan " ——=—tan"" - —tan"T — | == — — — — —+q¥y;
73 E(R+X)cosé 20¢ R qr) 2 R(yz +82) (72 +d?) R2—q?
1 y y y -
=3 [(RZ — RQR + &)> RZ— &2 + an] =(qY1, — ¥D11)
il n(X+qcosd)+X(R+X)sind 19 & &n 1 —f&(R2+}72) 3 -
— -1 - _ -12 " _ -12 _ -12 7)) = — 5
aytam E(R + X)cosb 29y tan~!2— — tan ; tan ®) 2R TG 1 an + Fre (dXy1; + &Yyysin6)
1 —d —§d ¢ - .
=E[R(RZ —d~2) +R(RZ 7 +R2 — a2 - (qu +§Y1151n6)]
1 & & d d & . ) 1 )
- _KR(R +d) R - &2> ¥ (R(R +& R - §2> tro g (@t sind)| =2 (EDi — ¥y sind)
Gl n(X +qcos8) +X(R+X)sing 10 &d & g\ _1 —¢5(R? — d?)
1 15" 15 -157 (v
aZtan Z(R + X)cosd =35 tan IR tan 5 tan R 2|RGZ+ G2 + @) (X411 + §Y11 cos &)
I i A _ L _ - _Z
= Z[R(RZ ) (X1, + €Y, cos5)] 2[R(R+§) RZ — (X1, + &Y, cosé)] EYM cosé
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